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METABELIAN p-GROUPS OF MAXIMAL CLASS(*)

BY
R. J. MIECH

Abstract. This paper deals with the classification of the metabelian p-groups of
maximal class and order p® where p is odd and, roughly, n=2p.

This paper deals with the classification of the metabelian p-groups of maximal
class and order p™ where p is an odd prime and, roughly, n=2p. It also contains a
result on the order of the automorphism groups of these groups. Some descriptive
material must be developed before the main results, Theorems 4 to 8 below, can
be stated.

To begin let G be a group, G, =[G, G] be the commutator subgroup of G, and
G;.,=[G,, G] for i=2. Then, by definition, G is metabelian if G, is abelian. The
group G, of order p*, is of maximal class if G>G,> - - - >G,=1 where |G: G| =p?
and |G;:G;,,|=pfori=2,3,..., n—1.If G is of maximal class the subgroup G, is
defined by: G, is the largest subgroup of G such that [G,, G,]=G,. The general
theory of p-groups of maximal class can be found in [2, p. 361].

Most of the known results on the classification of metabelian p-groups have been
derived under the assumption that G or G, is of exponent p [4]. The starting point
of this paper is the following result of Blackburn:

THEOREM 1. Let G be a metabelian p-group of maximal class and order p™ where
n=zp+1. Then

[Gl’ Gi] = Gn—p+b i=1, 2,-~-,P~

This follows from Theorem 3.10 of [1] and the fact that G/G, is elementary
abelian.

If we take i=2 in Theorem 1 we get [G,, G;]<G,_, 5. Thus, by the general
theory, there is an integer £ with 0 <k =<p—2 such that [G;, G;]=G,_, and this
integer k is an invariant of the group G. The structure of the groups in question
can be described in terms of this invariant k. We have

THEOREM 2. Let G be a metabelian p-group of maximal class and order p™ where
nZp+1, and suppose that [G,, G;]=G, _, where 0k <p—2. Let s be an element of
G not in Gy, s, be an element of G, not in Gy, and s,=[s,_,, 5] for i=2,3,...,n.
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Then:
(1) G={<s, Gy and G;=<s;, Gy 1) fori=1,2,...,n;
(2) there are integers a(n—k), . . ., a(n—1) with a(n—k)#0 mod p such that

[51, 2] = 38 PSRTEE Y- -0 D;
(3) there are integers w and z such that
P =P, and sg:‘l’)sgg) . 'S,(.:) =s52_1;
@) fori=2,3,...,n—1,
4 P P
Si(l)sa(i)f ’ 'St(f-)p-l =L
The first part of the conclusion is contained in the general theory. The other

three parts are not difficult to establish and this will be done later. The main point
of this theorem is that our groups can be described in terms of a set of parameters

(a(n—k), a(n—k+1),...,a(n—1), w, z).

Conversely, given any set of such parameters one can usually prove that there is a
metabelian p-group of maximal class and order p" having the stated parameters.

The main problem that arises at this point is the one of determining the distinct,
nonisomorphic groups in this collection. It is solvable for the case n=2k+3, and
this paper deals with the solution. The case (p+1)<n<2k+3 is still open.

We have one invariant, k; several others arise. Among these are a positive
integer s and an s-tuple of integers (i, . - ., j;) having the properties

1) jsz0,

(2) if s>1 then j;=2 fori=1,2,...,s—1,

Q) itjat---+jsSk—1.
A discussion of the origin of the (jy, . . ., j;) will be given in the next few paragraphs.
Next, if 0=k <p—3 we have the invariants (A, ) where (A, 7)=(0, 0), (0, 1), or
(1, 0). These are related to the parameters z and w of Theorem 2 and refer to the
values assumed by the corresponding parameters, Z and w, of any isomorphic
image of G. When (A, 7)=(0, 0) we have z=w=0 mod p and must have Z=w=0;
when (A, 7)=(0, 1) we have z=0, w#0 and must have z=0, w#0; when
(A, 7)=(1, 0) we have z#£0, w unspecified, must have Z#0, and may take w=0.
Finally, if k=p—2 we have the invariant A, where A=0 or 1. It refers to the
parameters a(n—k), z, w. When A=0 we have z2—4a(n—k)w=0 and this con-
gruence must hold for all isomorphic images of G. When A=1 we have
z2—4a(n—k)w#0 and this congruence must hold for all isomorphic images of G.
These invariants

(k9jl’ .. ”js’ A’ 1’) forl1 £k = P'—39
(k,jh v eesJos A) for k = P—Z,

are the basic ones we shall use in the classification of our groups.
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We need a set of functions to characterize the (jy, . . ., j). To this end let ST be a
Stirling number of the first kind. These numbers are defined by

x), = x(x—1)---(x—n+1) = i Smxm,

m=1

Let &™ be a Stirling number of the second kind. These are defined by

x* = i LX) m-

m=1
It is known that [3, pp. 146, 176]
1

Vit Uy

m! m * 1
=2y

]

(12 p = 3

where the * on the summation symbols means that the summation is extended over
all those m-tuples of integers (v,, - - -, v,) such that »=1 for i=1,2,..., m and
Vit Fvp=n.
To continue, let
1
Fi-- T

g, 1) ="

where the * on the summation symbol means that the summation is extended over
all those integral r-tuples (ry,...,r) such that r,=2 for i=1,2,...,¢ and
ri+---+r;=n+t. Next, let

e0)=1, en)= i (—1)g(n,t) forn = 1.

These numbers, the e(n), are, except for sign, the coefficients of the Bernoulli
polynomial of the second kind. It is known that

n—1
S 4™ _ o forn> 13, p. 266]
m=0 n—m

Next define a function D(M, /) for integral M and / by

: M!
DM, 1) = (=1 2, ell=s)(= 1" s Sk
Note for later purposes that D(M, 0)=1 for any positive integer.

Incidentally, although D(M, /) is defined as a rational number we will wish to
consider it as an element of GF(p), the finite field with p elements. Since, in our
applications, we will have 0</<k—1 it is easy to check that D(M, /) is well
defined in GF(p). The Stirling number component of the sum defining D(M, ]) is

!
(~ 1) ey St e = !

(M+»)! Vit +v=M+vivzl V170 VM
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Since »;21 and v, + - - +vy=M+v, the maximum value any v, can attain is
v+1=21+12k=<p-—2, so this sum is well defined in GF(p). Similar considerations,
starting from the definition of the numbers g(n, ¢), lead to the conclusion that
e(l—v), hence D(M, 1), is well defined in GF(p).

We can now describe how the invariants (ji,...,j;) arise. Let a(n—k),
a(n—k+1),...,a(n—1) be a set of numbers in GF(p) with a(n—k)#0. (We are
now working in GF(p) and all the equations that follow are equations in this
field.) Define a new sequence a,(/) for /=0, 1,...,k—1 by

a(n—k+1)ja(n—k) = D(M, I)+a,(I)
where M=n—k—1. If a;(I)=0 for all /, take s=1, j,=j,; =0, and stop. If there are
positive integers / for which a,(/)#0, let j, be the smallest of them. If j;=1 or
Jji=k—1, take s=1 and stop. If not, i.e. 1 <j; <k—1, continue.
In order to continue let
w(@)=0 ifi=0
=ji+---+j ifiz 1l
Then, at the dth step we have a sequence of integers j;,...,j; With
l<ji<k—1—w(i) for i=1,...,d, and a set of numbers a,(/) for /=0,...
k—1—w(d—1) such that
a40) = a,(1) = ---a(ja—1) = 0, a4(ja) # 0.
We continue by defining a,, ,(/) by
@ aa(ja+Dlasja) = DM+ w(d), 1) +a4.1(!)
for I=0,1,..., k—1—w(d). If all the numbers a,, (/) are O we take j; ., to be 0.
If there are positive integers / such that a,, (/) #0 we take j;,, to be the smallest
of them.

The process stops at the sth step when d+1=s in (1) and all the numbers ay(/)
are 0 or j;, the smallest integer / such that ay(/)#0, does exist and is equal to 1 or
k—1—w(s—1).

In sum, given n, k, and the sequence a(n—k),...,a(n—1) we get a unique
sequence

a(n_k), al(jl)a LR as(js)’ as(js+ 1)’ RS as(k_ 1 —w(S— 1))
by this scheme. Conversely any given sequence of this last type determines a unique
sequence of the first type. If we let a(n—k)=a.(j,), P(t)=ao(jo): - -a:(jt),
Jo=0, and w(t)=j,+j,+ - - - +J; the specific equations are

an—k+o(t)+1) = 5 PODM +at), ot) o) +D)
fort=0,1,...,s—1and I=0,1,...,j,,,—1, and
an—k+w(Es—1)+1)) = 321 P()D(M + (), o(s—1)— @) +1))+ P(s— ayl)

for I=j;, ..., k—1—w(s—1).
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These equations can be established by a simple computation. Their chief value
is that they permit us to speak of the group defined in terms of the parameters
a(n—k),...,a(n—1),w, z, as in Theorem 2, as the group defined in terms of the
parameters a(n—k), ai(j1), . . ., @s-1(js—1), as(s), as(js+1),..., ak—1—w(s—1)),
w, z.

In short, we shall see that the metabelian p-groups of maximal class and order
p" with n=max {p+1, 2k + 3} can be classified, first, by the invariants

(0’ A, 'r) if [Gls G2] = Gn = la
i sJo A ) if[Gy, Gal = Guoky 1 S k S p-3,
(k,jla .. '9.].89 A) if [Gb G2] = Gn—ka k= p_za

where (A, 7)=(0, 0), (0, 1), or (1, 0), A=0or 1, and (js, . . ., ji) is any set of integers
such that j,=0, ;=2 for i=1,2,...,s—1if s>1, j;+---+j,=k—1. The distinct
groups having these invariants will then be given by a set of parameters
(a(n_k)’ al(jl)' T W, Z).

For the sake of brevity, .# will denote the set of metabelian p-groups of maximal
class and order p" with n=max {p+1, 2k +3}. We shall also assume that the con-
ditions on (jy, . . ., js), (A, 7) and A given above also hold whenever these numbers
are mentioned in the sequel. Finally, we shall always assume that n=p+1.

The following result is known:

THEOREM 3. Let (A, 7)=(0, 0), (0, 1), or (1, 0). Then the set of distinct groups in
M having the invariants (0, A, ) are given by the set of parameters (z, w) where

z=xg, 1=0,1,...,d-1, w=r;

g is a primitive root modulo p and d=n—2, p—1). The number of such groups is
equal to 2+(n—2, p—2).

A variant of this theorem is in Blackburn [1, p. 88]; it will also be proved here.
The next four theorems are the main results of this paper. The four cases arise
from the considerations: 1=k<p—3 or k=p—2; j,=1 or j,#1.

THEOREM 4. Let (k,j1,...,Js A, 7) be a set of integers with 1<k<p—3 and
Js=1. Let w=0 if s=1and w=j,+ - - - +j;_, if s=2. Then the distinct groups in M
having the invariants (k, jy, . . ., js, A, 7) are given by the set of parameters

{(a(n—k), a,(j1), - - -, al1), a(2), . . ., alk—1—w), w, 2)}

where
aln—k) =1,
a(jy) = o, w=1...,p—1, t=12,...,5s—1,
a(l) =1,

aa(l)=ﬂb Bz'—‘O,l,---,P—l, I=2,...,k——l—w,
z=A'79 ‘Y=1,-~-aP_1,
w=r7-9, 8=1,...,p—-1.
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In addition, the number of distinct groups in # having the invariants
Ky Jas - - -5 Jus A, 7) is equal to (p—1)*"2*2**.p? where J=j,+ - - - +J,.
THEOREM 5. Let (k, ji,...,Js A, 7) be a set of integers with 1 <k<p—3 and
Js#1. Let
e=0 ifj,=0,
=1 ifj,22;
Jer1 = An—2), Jsva = 1(2n—k-5).
Let g be a primitive root modulo p. Let (k, . . ., k,+2) be the set of integral (s+2)-

tuples defined by
0=k <(-Lj)

0= ki < ((p_l)jl/(p—l:jl, . -9j£-l),p_])s i= 2, ooy s+2.

Then the distinct groups in .# having the invariants (k, jy, - - -, js» A, T) are given by
the set of parameters

{(a(n_k)s al(jl)’ LT al(j:): w, Z)}

where
a(n—k) =1,
a(j) = g*, t=12,...,5s—1,
a(jy) = eg*s,
zZ= A-g"u:,
w = 7-gkssa,

In addition, the number of distinct groups in . having the invariants
(k,jla . -,j” A’ 'r) is equal to dp"“’“’“" where

d= (jl’ . -,ja’ A("_'2)3 -r(2n—k—5),p—l).

THEOREM 6. Let (k, jy, . . ., j,,» A) be a set of integers with k=p—2 and j,=1. Let
w=0ifs=1and o=j,+ - - - +j,_; if s=2. Then the distinct groups in # having the
invariants (k, jy, . . ., js, A) are given by the set of parameters

{(a(n_k)’ al(jl), RS ] as(l)s at(2)a L] ax(k_ 1 _w)’ w, Z)}

where
an—k) =1,
a(j) = o, og=1,...,p—-1, t=12,...,5—1,
a() =1,
a(l) =B, B=01,...,p—1, 1=2,..,k—1-ow,
z=0,

w=A.3, 8§=12,...,p-1.

In addition, the number of groups in .# having the invariants (k, jy, . . ., js, D) is
equal to (p—1)*~1+2p’ where J=j,+ - - - +j;.
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THEOREM 7. Let (k, jy, . . ., Jjs» D) be a set of integers with k=p—2 and j,# 1. Let
e=0 ifj;=0,
=1 ifj;22;
Js+1 = A@2n—4).
Let g be a primitive root modulo p. Let (ky, . . ., ks 1) be the set of integral (s+ 1)-
tuples defined by
0=k, <(p-1s)
0= ki< ((p—-Djf(pP—1,js>--->Ji-1), P—1), i=2,...,5+1

Then the distinct groups in # having the invariants (k, jy, . . ., js, A) are given by the
set of parameters

{(a(n_k)9 al(jl), ey ax(js)’ w, Z)}

where
aln—k)=1,
a(j) = g~ t=1,2,...,5s—1,
a,(js) = e-g%,
z=0,
w= A-gku-l,

In addition the number of distinct groups in M having the invariants
(K, j1s - - -5 Jus D) is equal to d(p—1)~2*¢+8 where d=(jy, . . ., js, A2n—4), p—1).

The methods employed in this work also enable one to evaluate the order of the
automorphism group of the type of group under consideration. We have

THEOREM 8. Let |Aut G| denote the order of the automorphism group of the group
G, and suppose that G is in #. We then have:
(1) If G has the invariants (0, A, 7), then

|Aut G| = (p—1, A(n—2))' "(p—1)p¥r-D+1-2,
(2) If G has the invariants (k, i, . - ., js» A, 7), then
|Aut G| = dp*n-P+1-2

where d=(ji, . . ., js, \(n—2), 72n—k—5), p—1).
(3) If G has the invariants (k, ji, . . ., js» A), then
|Aut G| = dp* -2
where d=(js, . . ., j;, A2n—4), p—1).
Loosely, most of the groups under consideration will have an automorphism
group of prime power order since for most (j,...,j,) we will have

(s - - -»Js» p—1)=1. However there will be groups of order p* whose automorphism
group is of order dp?™~2+! where d is any divisor of p—1. To get d=p—1, for
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example, take A=7=0, s=1 and j, =0 in (2) or take A=0and =1 in (1). To get a
d<p—1 (for p=5) take A=7=0, k=p—3, s=1 and j, =d in (2). There are other
possibilities.

Note also that in Hall’s theorem, the order of the automorphism group is a divisor
of pxr-2+1(p—1)%(p+1) for these groups, overstates the case by a factor of
p+1. There is a group, however, where we get p2*~2+1(p—1)2; take A=7=01n (1).

This paper has one central result, Lemma 37. Nearly everything that precedes it
is connected in one way or another with its proof. Because of this a brief description
of the organization of the paper might be helpful. §1 contains a collection of simple
and useful results on commutators and pth powers of products, (xy)?; it also
contains a proof of Theorem 2. In §2 we assume two groups are isomorphic,
derive some congruences on this assumption, and then bring these congruences to
a point where the problem begins. The third section contains various results on
binomial sums and Stirling numbers, most of which have no obvious purpose until
§4. Lemma 37 is then proved in the fourth section. Once it is established the theorems
follow quite quickly.

1. As mentioned, we are concerned mostly with the calculus of commutators
here.

LEMMA 1. Let G be a metabelian group, g and h be elements of G, and k and m be
positive integers. Then

Proof. First, if x is in G,=[G, G] and y is in G then since G, is abelian, x com-
mutes with [x, y] and [x¥, y]=[x, y]*. Thus, by induction on k,

v—l K
h7'g"h = g 1—[[g,h g -- ®

To complete the proof compute g ~*A™g" by induction on m.

From this point on we shall assume that G is a metabelian p-group of maximal
class and order p", s is an element of G not in G, s, is an element of G; not in G,
and s;=[s;_,, s] fori=2,3,...,n—1.

LEMMA 2.

s, 7 = o sE T [ ==L, L1 |00,

V=2 7=1 [Sg, S1seeesS1 8.0y S

[sk, s™] = s(l )" s(m" foriz 2,

m

[sk, s7] = n [s” T sl](?)k

i=
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These equations are special cases of Lemma 1; they will be used frequently in the
sequel.

LEMMA 3. Suppose that [s,, s;]=5s2";%- - -s8* 7D, Then for r=2,
R

Proof. Suppose the result is true for . Then, by the commutativity of G,, we
have

[s1, syl = stshis = 575% = [sr, 5172

= [s, 5,;J'+ = [s%, 5] = [sls, 51), 8:[s1, 5]

= [ss3%, si[sy, 8111 = [s, s:lsr, 8111 = [s, [sr, 5111, 5]
=[5, 720520 - 520 T Vs

That is,
[51, Sra1] = [8, Snoiar-2] %79 o [s, 5, 5] 7277
= S-S
LEMMA 4. Let G be a metabelian p-group of maximal class and order p®. Then

si({)st(%)f ’ .st(g)p—l =1

for i=2,3,...,n—1. In addition, G, is a group of exponent p for v=n—(p—1),
n—(p-2),...,n—1.

Proof. Since s” is in the center of G [2, Theorem 14.13, p. 368] the first assertion
follows from Lemma 2; take k=1 and m=p in the first two equations of Lemma 2.
The second assertion is a consequence of the first.

The next sequence of lemmas deals with the evaluation of pth powers of projects.
There is a result in Blackburn [1, Theorem 1.6] on the subject but it does not
contain the information we need for the case k=p—2.

LEMMA 5. Let G be a metabelian p-group and x and y be elements of G. Set
0=, °2=[J’, X], ceey ot=[°t-13 x] and

h(r) = lj "5‘3-)1["&)1’ oi]

for r=1. Then (xy)*=x?-y°h(1)- - -h(p—1).
Proof. First, by induction on m,
m m-—q m-q
G == TTT 450,
q=1 v=0

Secondly, by collecting the oy, (xy)"=x"y™h(1)h(2)---h(m—1). Finally, take
m=p.
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LEMMA 6. Let G be a metabelian p-group. Then

(xy)» = xpyrogg). . -a,()g)h
where

and

o= ()

r=1

()
J.
Proof. We need to evaluate A4(1)- - -h(p—1) of Lemma 5. Since G, is abelian we

have upon rearranging

h(1)- - -h(p—1) = ofB)- - -oDn

where
p—-1 r v
h=[11TIloves o2l
r=1v=1
By Lemma 1,
r Jj ](5)
v ’ U' = '
[0 +1 1] Q [ov+1, C1y...5 07

If we combine these last two equations and rearrange we get Lemma 6.

LeEMMA 7. Let G be a metabelian p-group of maximal class and order p". Suppose
that x is in G and y is in G,. Then

(xy)y = xryrogg). . .ag)[ol, Op_1)

Oy+1 = L,, X v’ x] €Gy4,
we have, by Theorem 1,

[0v+1,01]€[Gys1, Gi]l £ Grpivin

By Lemma 4, G, _,,, . is a group of exponent p. Consequently, the only terms of
the product % of Lemma 6 that are of interest are those where C(v,j) is not a
multiple of p. These exponents have been computed at another point in this paper
(§3, Lemmas 19 and 20) and we have

. L (=1 /i ce(p—=v) ...
cep = 3 S () Fort? wse

Proof. Since

and

. L (=1 Ap—=j) . .
C(”’f)=go(t!}! (t)(p+(;zl-t+(11’) D ity 5.
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Since 15j,v=<p—1 it follows that C(v, j) is a multiple of p except for the cases:
tsj<vandv+t+l=port=v<jand (j+t+1)=p.

We proceed by examining that part of the product in question where j is fixed
and v varies.

If j=1 we have t<j=1=v for all v and the only solutions of v+¢+1=p are
t=0, v=p—1 and t=1, v=p—2. If t=0, v=p—1 the corresponding term in the
product is [o,, 0;]. But, by Theorem 1, [o,, 0;] € [Gp, G1] € Gp_pyp=Gr=1. If
t=1 and v=p—2 the corresponding term is [o,_;, 01] € [G,_;, G1]=G,_1. The
corresponding exponent is

Clp—2,1) = (—1)1+1(:) W (p+1)p—1(p=2)---2 = —1 mod p.
Thus

[op-1, 0,J6?-2D = [op-1, ‘71]-1 = [oy, 0,,].

Suppose next that j is fixed and 2<j<p—1. Consider first those » and ¢ where
t<j<vand v+t+1=p. The corresponding term of the product, for fixed » and j, is

Oy+15 015+ -5 01 [ovir, 01, 01,0500
ol 5| =l
< -1 = L=
- [Gn—p+v+1, Gls G,'-°, - Gn—ﬂ+v+3’ G,°-'aG

= Gropivisss-2 =G, =1,
the last inequality following from
n—p+v+j+1 2 n—p+v+t+l =n—p+p =n.

Since a similar argument gives the same conclusion for v<j, this completes the
proof of Lemma 7.
If we apply Lemma 7 with x=s and y=s} we get

LEMMA 8. Let G be a metabelian p-group of maximal class and order p". Suppose
that [Gl, Gg] =Gn—k and [Sl, S2]=S:(1';:k)‘ . -s,‘:(l'f D then

(ss})P = s"(sgl’)- . -sgg))z ey
where
¥ = Yk) = a(n—k) ifk =p-2,
=0 ifk < p-3.

[ ] ’
si, S, ce ey S

S -1 s
7%= ISi, S] - sgﬂ [s2’ s1’v° L) sl]() - Sgta

By Lemma 2,
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where 7, € G,,_, .. By induction, o,=s5t,, t,€ G,_,.,, thus
o\(ﬁ):sﬁ(g), v=2...,p—1,p,

since for v<p—1, ¢, is in a group of exponent p, while for v=p, t,€ G,_,.,=1.
Next, since #,_, is in the center of G, [0y, 0,_;]=[s, 5 _1t,-1]=[s3, s,-1F. By
Lemma 2,

¢ ; e
1 — A (O ¢
[s5-1, 5i] :j[:_! [sp—l, 55,85 [sp-1, 81 )
Consequently, by Lemma 3,
[o1, 0p-1] = [s1, 5,1 = s:(rl;f);il—z = sS4
Lemma 8 follows from these results.
Theorem 2 can be proved at this point. Since s? is in the center of G there is an
integer w such that s®=s5¥_,. Since (ss,)” is in the center of G [2, p. 368], Lemma 8
implies that

sgi,). . °Sz(’lp’) =s5_4
for some integer z. By Lemma 4,

.. 0

p_1=1 fori=2,...,n—1.

Finally, if [G,, G;]=G,_, where 0<k=<p—2 then
[s1, 82] = af @™ - 53y ®

where a(n—k)#0 mod p since G,_,, is of exponent p. Thus if G is a metabelian
p-group of maximal class of order p" and [G,, G;]=G,_, We can speak of G being
defined in terms of the parameters (a(n—k), a(n—k+1),...,a(n—1), w, z) where
a(n—k)#0 mod p.

Conversely, given any set of integers (a(n—k), aln—k+1),...,a(n—1), w, z)
where a(n—k)#0 mod p and 0<k=<p—2, there is a metabelian p-group G of
maximal class and order p® with [G,, G;]=G,_, having the given integers as
parameters provided that n=>2k+2. The proof is based on

LeEMMA 9. Let H be a group, A be a fixed element of H, and x be a symbol. Define
x? by x*=A. For 0=a,b<p—1 and a+b=kp+1 where 0<I1<p—1, define x*x® by
x°x®=x'A*. Let o be an automorphism of H such that h*" =h* for everyhe H; A*=A.
Let H'={x*h : 0a<p—1, h€H}, and define the product for pairs of elements in
H' by (x®hy)(x*hs)=x'A*h3"h,. Then H' is a group, H is a normal subgroup of H',
and |H': H|=p.

This result, which is easy to verify directly, is a paraphrase of results in Huppert.
See [2, pp. 86-90].
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To prove the converse of Theorem 2 for n= 2k + 2 begin by taking G, _, ={s,_1);
that is G,_, is the cyclic group of order p generated by s,_,. Then having
Gi+1, Giyg, - .., G,_, in hand construct G; by taking

H=Gi, x=8 A= (si(§)1' ’ 'Si(‘é)p-l)_l’

and « to be the identity mapping for i=n—2,n-3,..., 2.
To construct G, take H=G,, x=s,, and

A= (@)1,
Let [sy, s5]=s2";% . .30 D sy, §5]=52"F) - . .530 72 etc., and for
h = s§@...s60
in G, define o by
h* = s7hsy = hlh, 5] = h[sa, $,1°®- - [s5_1, 5,]°" 1.

Then, by the conditions given in Theorem 2, « is an automorphism of G, satisfying
the conditions of Lemma 9, and we have G,.

The group G can be constructed from G; in a similar fashion. The assumption
that n=2k+2 is made to avoid involved computations with commutators.

We close this section with a result that will be needed later.

LeMMA 10. Let G be a metabelian p-group of maximal class and order p™ with
[G1, G21=G, _,.. Let ¢ be an integer such that (¢, p)=1 and £~ be its inverse modulo
p.Then

(ses«{(l)sg(z), . ,SS(E;I))P = S:—l
where a=wé+zE(1)+P£3(1)¢1.
Proof. Since
SEEVSER . 50T = (ssiV%7Y)¢ mod G,
we have [3, p. 368]
(550D . . ERT DY = (ssfDE" NP2,
Lemma 10 now follows from Lemma 8 and Theorem 2.

2. At this stage we have a set of groups defined in terms of the parameters
(a(n—k),...,a(n—1), w, z) and wish to determine the distinct groups in the set.
We proceed by supposing that

G=Ltty,...th = [ti_1,t],i 2 2)

is defined in terms of the parameters (b(n—k),...,b(n—1), w,z) where
b(n—k)#0,

G= <S, 1500381 0 8 = [Si—ls S],i = 2>
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is defined in terms of the parameters (a(n—k),...,a(n—1),w,z) where
a(n—k)#0, and 0 is an isomorphism from G onto G.

In this section we shall derive a set of equations governing the transformation 6
and, loosely speaking, bring this set of equations to the point where our problems
begin.

Now, if 6 is an isomorphism from G onto G we have

10 = §5%§®. . .sf®TD  where (¢,p) = 1.
Next, since G is the only normal subgroup of G for i=2,...,n—1 [2, p. 361], we
have (G))°=G; for i22. Since G,_,=G!_.=[G,, G:)’ =[G}, G§]=[G?, G.] and, by
definition, G, is the largest subgroup of G such that [G;, G,]= G, _, it follows that
G{ <G, and then G!=G,. Consequently

t] = s{Os®. . .s;2 7D where (y(1), p) = 1.

Finally since {¢, t,} is a minimal set of generators for G, 0 is determined by the
values it assumes at ¢ and ¢,.

In the next sequence of lemmas we shall work out the consequences of the fact
that if 6 is an isomorphism of G to G then [t{_,, t°]=[t,_,, t]°=¢f. The main result
to be otained is

LeEMMA 11. Suppose 0 is an isomorphism of G to G with
10 = sSSP0, (6p) =1,

8= stV s1e7D, (n(1),p) = 1.

Fo9= 3 (9

where * indicates the summation is taken over all integral (vy,...,v,) such that
vizl fori=1,2,...,randvi+--- +v,=x. Set, forr=2,3,...,n—1,

Set

ji=-1

m(r,j) = > 9(-0Fr-1,%), j=rr+l,...,n—1,

x=r—1
and Q(r)=T 13z} sp™P. Then t¥=Q(r)P(r), r=2,3,...,n—1, where P(2)€ G,_,
and P(r)e G,_y4,_g for r=3.
To begin we have
LEMMA 12. Under our assumptions, t§={[t{, s*lh, where hy € G, _,.

Proof. Since [a, xy]=Ia, ylla, xV¥, [ab, x]=[a, x}°[b, x], and G, is abelian we
have
1§ = [t2, 1°] = [}, SsiOFD - 5507 Y]
= [t], s5®- - -s52 T V) [e], s%SEP).
Now
[1], s5®- 5521 V] € [Gy, Gg] = Giope
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In addition,
[0, s%si] = [#f, s, 5°)°
where a=s{V. But
[, 551 = [S{04- 51259, 0] = [, .. 5252, 0] € Gy
[4, 5°1* = [4, s°1[#, %, siV),
and
[11, %, siP) € [Ga, G1] = Gp_i-
If we bring these results together we have 8 =[t{, s*}h, where h; € G, _,.
LemMMA 13. We have
n-1
[, %] = By | [ sy
=2

where hy € G,,_,, and, for j=2,3,...,n—1,
-1
m.) = 3, 1G-9(5)

Proof. Since [ab, x]=]a, x]°[b, x] and G, is abelian,

[12, 5°1 = [s{Vs§®- - 57277, 5°]
n-1

= [s1D, *][s5®- - 53270, 5] = [ ] s, 5°].
i=1

By Lemma 2,
:
0,01 = (FTo0 i

=1

where h; € G, _,, and, for i=2,

:
3
[s7, 58] = | I s{(:lna).

x=1
Consequently,
n-1 ¢ N n—-1
st =111 sf(i‘)x"“) =[] span
i=l x=1 i=2
where

me )= > n(i)(i):ﬁ,,(,-_x)(i).

i+x=41,x21

This completes the proof of Lemma 13.
Note that for r=2,

Fe=1,x)=F(,2 = v1=;1=1 (f) - (f)

Vi, X,
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Consequently
i-1

m(2’j) = Z ’T(f—x)F(l, x),

x=1
and, by Lemmas 12 and 13, Lemma 11 is true for the case r=2.
We begin our induction with
LEMMA 14. Suppose that for r 22, t¢ =P(r)Q(r) where Q(r)=] 13-} s7"P. Then

n-1

t8., = P(r+1) 1_[ Spr+ L)

i=r+1

where P(r+1)=[P(r), s*}h,, h, € [G,, G,], and
mr+1L,)= S m, i)(f)-
t+x=filzrxz1 X,

Proof. Firsf, by the usual arguments,
ey = [17, 2] = [, s*Th,
where A, € [G,, G;]. Next,
[, 51 = [P(), 1 Q(), 5°].
Finally,

n—1 n—-1

[O(r), 5°] = 1—[ [spod] s8] = I—I ]ﬁ )'"" 9 ﬁ SPr+LD

i=r i=r j=r+1

where

m(r+1,j) = Z m(r, i)(i)-

t+x=4i2r,x21

We can now prove Lemma 11. By Lemmas 12 and 13, P(2) € G, _;. By Lemma 14,
P3)=[P(2), s}y, hs € [G3, G1]1=G,_i; thus P(3) € G,_,. Inductively, suppose
that =23 and P(r) € G,_x+,-3. Then

P(r+1) = [P(I'), Se]hre [Gn—k+r—3’ G][G,, Gl] § Gn—k+r+1—3-

Consequently, P(r) is where it was asserted to be.
Suppose next that

i—-1
m(r,i) = > 7(i—y)F(r—1,y).
y=r-1
Then, by Lemma 14,
i-1

( ) '+x=i:izzr.xél X, ,,=,Z_1 7= y)F( )
Rearranging we get,

mer+ 1)) = > (-2 3* ($)re-1.9

2=r
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where * indicates the inner sum is to be taken over all those i, j, and x such that
i+x=j,i—y=j—z,x21,izr,r—1<y=<i—1. Set I=j—i. Then, on one hand,
x=j—i=I1z1. On the other, y=i—j+z=z—I=r—1; that is Iz—r+1. Conse-
quently the inner sum is taken over those x and y such that

x=1I y=z-I 1=1,2,...,z—r+1,
and it is equal to

2-r+1 I z2—-r+1 f
Fe-tz=0="3"(}) ()
= (If) Y ) =AY Vit +v,§ P S Vr—

" e () 7 G) = 0

mr+1.0) = 2, W~2)F(e 2).

Hence

This completes the proof of Lemma 11.

LeEMMA 15. We have
[15, 18] = (o4 - - -she Yk

where
J
A—k+j) = D an—k+x)m2,j+2-x), j=0,1,...,k—1,
x=0
and h € [G,, G,_,].

Proof. By Lemma 11,

[13, 18] = [sTVs3®- - -s72 1Y, Q(2)P(2)]
= [s1, Q()P(2)] = [s1™, P51V, 0(2))-
Since P(2) € G, _; we have [sV, P(2)] € [G,, G,.-]. To continue,

[st, 0 = ] [s1, sp0],

=2
By Lemma 2,
» 4 IP)man,
2.0 D] —

[SF > ] jI:'][ [35, S15.0 05 Sl]
For j=2

[Sb 51, ]., SI] €[Ga, Gy, G1] = [Gn—i» G1].
Thus

n—-1
2%, 0] = g [ | [ss, sioma»
i=2
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where g € [G, G, -;]. By Lemma 4,

n—-1 /k—-i+1 R n1)m(2,9)
[, 0l = | | >)

i=2 x=0

k-1

— (n -k + (1)
A
j=0
where
Aln—k+j) = a(n—k+x)m(2, i)

i-2+x=4122,x20

= i a(n—k+x)m(2, j+2—x).

x=0
This proves Lemma 15.
If we combine Lemmas 11 and 15 and also assume that n>2k+ 3, we get

LeEMMA 16. Let G, G, and 6 be as above and suppose that n=2k+3. Then, for
j=0,1,..., k-1, we have
] 1
z mn—k+x,n—k+j)b(n—k+x) = ’7(1)(‘2 a(n—k+x)m(2,j+2—x))~
x=0 =0

Proof. By Lemmas 11 and 15,
hsp 2 ®- - 070y ® = 11, 8] = [, taF°
= (R0 - -2 0y
= (Q—RP(r—KP*»- . (Qn—DP(r— D>

where he[Gy, Gp-x]=Gan-2x-2 and P(n—k) € Ggp_oi-3. Since n=2k+3 we
have 2n—2k—3=n, so

h=Pn—k)=---=Pn—-1)=1.

Thus
SATIND. AT = (Q(n— )P R- - -(Qn— D).
Now
1 11
n_k+ bn—k+v) — sn(n—k+y,Nb(n—k+v)
”Il (A ) b 1l 5
k-1
= [ ] ecks
w=0

where B(n—k+w)=3y.om(n—k+y,n—k+w)b(n—k+y). Thus, since
G-k, ..., Gy—y are groups of exponent p,
B(n—k+j) = n(1)A(n—k+j) modp
for j=0,1,..., k—1. If we replace B(n—k+j) and A(n—k+j) by their defining

sums we have Lemma 16.
From this point on we shall assume that n>2k+3.
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LEMMA 17. The system of congruences of Lemma 16 is equivalent to the system
Fn—k—1,n—k—1)b(n—k) = n(1)a(n—k)F(1, 1),

Z ”("n"“) F(n—k—1+x, n—k—1+j)
x=0
_Fn—k—1,n—k-1) z —k+x)

==—ran an-p LI

Jorj=1,2,. .. ,k—1.
Proof. The first congruence of Lemma 16 is
m(n—k, n—k)b(n—k) = y(1)a(n—k)m(2, 2).
Thus by the definition of m(n—k, n—k) given in Lemma 11,
F(n—k—1,n—k—1)n—k) = n(1)a(n—k)F(, 1).
Let us set N=n—k and assume that
m tzob(NH)F(N 1+1, N—1+y) = 7(1) 2 aN+1)F(1, y+1—1)

for y=0, 1, ..., j—1. Next, consider the jth congruence of Lemma 16,
j J
> m(N+x, N+)b(N+x) = > n(D)a(N+x)m(2, j+2—x).
x=0 x=0

Call the left-hand side of this congruence L, the right R. Then

N+j-1

L= B0N+%) S wN+i-p)F(N—1+x,5)

= i 7(j+1-r) i bB(N+x)F(N—1+x, N—1+r).
Similarly
R= z 7(j+1-7) Z 7(Da(N+x)F(1, r+1-x).

r=0

By the inductive hypothesis the coefficients of 5(2), . .., n(j+1) are identical, so
(1) also holds for y=j. To complete the proof replace n(1) in (1) by the corresponding
value given by the first congruence.

The problem that arises at this point can be best understood by examining the
first few congruences of Lemma 17. Since

F(M+t, M+y) = >, (6)( f’)
Vit re=M+ynzl V1 VM +

can be evaluated without any difficulty for M=n—k—1,0=<¢t<y, y=0,1, or 2 we
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find, after a few computations, that the congruence of Lemma 17 corresponding to
j=1is equivalent to

b(n— k+1) n— k 2 aln—k+1) n—k-—2
B(n— ]‘f‘[ an—k) T2 |

Recall that we are assuming we have an isomorphism and that there is a nonzero
¢ satisfying this congruence. So, if the coefficient of £ is not zero the constant term
is not zero; no difficulties arise. However, if the coefficient of £ is zero then the
constant term is zero and the congruence is an identity in ¢.

If we assume that this congruence is vacuous then the congruence of Lemma 17
corresponding to j=2 is equivalent to the pure quadratic congruence

The same situation arises: the congruence is an identity in ¢ for certain values of
our parameters.
We shall need several results on Stirling numbers to analyze this pattern.

3. This section contains a variety of useful results about binomial sums and the
Stirling numbers. We begin with the well-known

LEMMA 18 (VANDERMONDE’S CONVOLUTION).

2 ()62) - (57)
j=o \J/\n—]J n
This can be established by equating coefficients in the two expansions of

(1+2)4(1+2)8=(1+2)4+5.
We now develop, in Lemmas 19 and 20, a result employed in §1.

() - 2o 007)

To prove this apply the convolution formula to the right-hand side.

LemmMa 19.

LeEMMA 20. If j<v then
& [r\(r v+t\(m+t+1
Z (1)(v) Z = l)m( )( )(v+t+1 )
- Proof. Let L denote the left-hand side of this equation. Then by Lemma 19,
502007
J m
fag r+t)(r).
- 2,0() 2 ()

L=
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To complete the proof note that the last inner sum is equal to

(v+t) "'z*‘ ( r ) _ (v+t)(m+t+1).
t ],5..\v+t) —\t J\vtr+1

The remaining lemmas of this section are connected with the system given in
Lemma 17.

LeMMA 21. Let (P)u=y(y—1)---(y—m+1). Then for m=<r—1 we have

:Z: (- l)'(:)((r—t)x)m =0.

Proof. For m=1

2( ()e-0x =3 (<1 T+

t(ir—1-1)!

xS (- 1)t( ) 0.

t=0

In addition since ((r — #)X)p 4 1 =((r — £)X)n((r — t)x —m) we have

r—1

;o (“1)'(,)((' OX)msy = (rx—m) Z (—1)‘() r—1)%)n

- (-1)t(’; )((r—l—t)x),,,.
t=0
That is, Lemma 21 can be proved by induction.
The next lemma is used in evaluating the functions F(r, x) of Lemmas 11 and 17

LeMMA 22. Let x be a nonnegative integer. Then

B ) 0) = Z OV

Proof. The assertion is easy to verify for r=1. So, let

pe
o B2
Vit =Ninzl \N1 Vr+1
=20 e ()0)
v=1 \¥/ yi4.ipy=N-vvn2z1 WL Vr

Then, by the induction hypothesis,
-2 050G
- 200 2062
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If we extend the inner sum from »=0 to »=N, subtract the proper quantities,
apply Vandermonde’s convolution to the full sum, and then perform several
elementary manipulations we get S=A — B where

4= SO )= -
= 2.0 206

To continue, if we split the defining sum for A4 into three sums, corresponding to
the three terms in the brackets, reindex the resulting middle sum by replacing
(r—1t)x by (r+1—(¢+1))x, and then proceed in the (then) obvious way we get

=2 T)N)

This is the desired sum for the induction.
As for B, the inner sum of the defining sum can be written as

(N— v)'z( l)t()(’ DX)n -y

In addition, according to the index of summation of the v, N—v=r—1. That is,
the one assumption of Lemma 21 holds. Applying it we get B=0. This completes
the proof of Lemma 22.

The Stirling numbers of the first kind, S™, are defined by (x),=>m_1 Spx™.
The Stirling numbers of the second kind, %™, are defined by x"=32%_; S*(X)m-
The known results about these numbers that we shall need are

and

m! 1
1 - S = >
o =D n! Vit 4 vg=mvzl V1T Vm

m! 1
( ) n! Vit +vm=niv21 Vl!’ . ’Vm!
) mor = 3 (17
x=1 X

@ Sy = Sg~1—nSy,

N
> HKsi=1 ifj=N,
®) =
=0 ifj<N.
Proofs can be found in Jordan [3]. See pages 146, 176, 143, and 183, respectively.
The following lemma has an important role in the analysis of the system of
Lemma 17.
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LemMMA 23. If c+2=<j< N—c where c=0 then

o= > ousi. = (7).,

v=j+cC

where =0 if m>0 and S =1.

The proof of this lemma is rather complicated. We begin by defining three
functions:

N
UG, k)= D ASi-i

v=1+k
N
VG, k= > )15k, forrzl,
v=3+k+r
N
WG, k= > Ak, forrzo.
v=J+k+r

As usual, (v),=1. We have the following relations:

©) WG, k,r) =V(i—-1Lk,r+1)+(k+DV(G, k, r+1)—-W(, k, r+1),

@ V(,k,r) = W, k+1,r—1),
®) V(js k,1) = U(j, k+1).
To prove (6) start from

S ks = SIkcr1+k+DS e r 1 — (=P8 -1,

an equation that can be derived from (4). Then multiply this equation by (v), %% and
sum from v=j+k+r to v=N. Equations (7) and (8) are, upon examination of the
defining sums, obvious.

The first step in the proof of Lemma 23 is

LeMMA 24. If ¢ =0 then
&) G(j, c+1) = W(j—1,1,9)+W(j 1, 0)—G(j, c).

Proof. By (4),
8] =821+ 81— (@—0)S)_c-1
To get (9) multiply this equation by (v). % and then sum from v=j+c¢ to v=N.
LemMMA 25. If R=1 then
R

(10) (-1*W(, k, R) = UG, )+ D (- IVG—1,k N+ (k+ DV, k, 1]

r=1
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Proof. For R=1 we have
N
UG k)= D A
v=7+K
N
= > RISk 1+ k+ DS o1 =Sl

v=F+k

=V(j—-1k D)+k+1D)V(G &k, 1)—W(, k, 1).
So (10) is true for R=1. We can, by (6), complete the proof by induction on R.

LeMMA 26. Ifj=k then
k —
Z (= 1) 1SE- 1Y (j—k+1, k) = (N] l)kN-I'I.
t=1

Proof. By the definition of the Stirling numbers of the second kind

(k+x) = f: Sk +%),-
v=1

In addition since for v>k

(k+3), = G DE+2)- (xR p = -+ D) (x+E) D Sho

n=1

it follows that

v

k N
(k+x)V"1 = > Rk—=1+x),_1+(x+1)---(x+k=1) > K
v=1

v=k+1

-k
SP_pXx".
=1

3

Now the first sum on the right-hand side of this equation is a polynomial in x of
degree at most k—1;

k

G+HDE+2)- - (x+h—1) = D (=1} 1Sk#+1xks;
t=1

the double sum is equal to S¥-¥ U(n, k)x"; and the product of these last two
quantities is

N-1 k

P+ > x! > (=1 ISEHUG—k+t, k)

=k t=1

where P is a polynomial of degree at most k—1.
Consequently

N=1
C+x¥ -2 =P+ > x> (1} 1Sk UG—k+1, k)
1

i=k t

L3

where P’ is a polynomial in x of degree at most k—1. To conclude the proof
compare coefficients of x’ for j> k.
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LeMMA 27. If j=x+2 then

x+1

ST (- IISEE UL -+ ) +1, x+1] = (Ij)(x+l)"".

t=0

Proof. Multiplying the equation of Lemma 26 by k we get
ke -
S (= ) kSE UGk +1, k) = (Nj ')kN-f.
t=1
Next, replacing j by j—1 in Lemma 26 yields

£ N-1
Z (=D 1Skt 1y (j—k+t—1,k) = (j—l )kN—J.
t=1

If we add these two equations, making use of (4), and then replace k by x+1 we
have the stated assertion.

LEMMA 28. Let H(j, k, a)=2%_, (—1)*"V(j, k, u). Then
a-1
H(j, k,a) = aU(j, k+1)— 2 [HG—1,k+1,0)+(k+2)H(j, k+1, u)].
u=1

Proof. If we apply (8) to the first term of the defining sum for H(j, k, a) and (7) to
the remaining ones we get

H(j,k,a)=U(, k+1) + i (D)W, k+1,u—1)
u=2

a-1
= UG, k+1D)+ > (—1)*W(, k+1, u).
u=1
Thus, by Lemma 25,
H(j, k,a) = U(j,k+1)

+:Z [U(i,k+1)+ ;::1(—1)"{V(i—1,k+l,v)+(k+2)V(j,k+],v)}]

= aU(j,k+I)—ail [HG =1, k+1,u)+k+2)H(, k+1, ).
LEMMA 29. Ifj=c+2 then
. . . _(NY < € .
(— D IW(G=1,1, 0+ W, 1, 0)] = (j)go( 1) (x)(x+l) ;

Proof. Let L denote the left-hand side of the above equation. Then, by Lemma 25
with k=1 and R=c,

L=U@(G-1,D)+U@, D+ Z (=D¥V(G-2,1,w)+3V(—1,1,w)+2V(j, 1, u)].
u=1
Since $2=1, —S3=1, S3=1, —S2=3, and S3=2, we have

1 3 2 [
L= (1S3 UG—1+t,1)— > (—1)837* > (=1)*"'W(i—2+1,1, ).
t=0 t=0 u=1
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Next, set

Se = (~1(;) S (C1ySEE UG- e+ )41, 2411

t=0

Then, by this definition and the definition of Lemma 28,
2
L=5S0)— > (—1)S§tH(j—2+11,¢).
t=0

The inductive hypothesis is

x+2

L=SO+ - +SE)+(—1)7** > (—1)}Sz137 D@ H[j—x—2+1, x+1,u(x)]

where > denotes the x-fold sum with variables of summation (1), #(2), . . ., u(x)
where u(1)=1,...,c—1and u(v)=1,..., [u(v—1)—1] for v=2,3,..., x.

The induction is fairly straightforward. One applies Lemma 28 to the H functions
in the x-fold sum, getting U functions and H functions. The U functions combine
to give S(x+1); the set of H functions combine to give the (x+ 1)-fold sum.

We finally get L=S(0)+S()+ - -- +S(c). So, by Lemma 27,

L= (IJV) > (—l)x(;)(x+l)”".

x=0

This completes the proof of Lemma 29.
We can now prove Lemma 23. First, by the definition of G(j, c), by (5) and by the
assumption that j< N—c we have

N
6.0 = X st = (V) ovs.,
v=4
So, let
6.9 = (7)ers5 -,
be our inductive hypothesis. Note that by (3),
0= (5) 2 o)
,o)=|\". 1) " )x¥ -1,
6o = (7) 2 oe(;
Now, by Lemma 24 and then Lemma 29,
G(ja C+1) W(j_l, 1, C)+W(j, 1, C)—G(j, C)

- () Scr(errr() S (e

=0 x=1

1
- (2]) 2. (_1)c+1+x(c:1)xN-1 = (7)(04‘1)!:%:}.

This completes the proof of Lemma 23.

o R
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At another point in this paper we shall come upon a sequence of numbers,
e(n), which are defined in terms of the sequence, g(n, t), in the following way: First

g(na t) = z* !

| SERRY
where * indicates the summation is taken over all those integral z-tuples (r4, .. ., ry)
such that r,=2 for i=1,2,..., t and such that r,+ - - - +r,=n+¢. Secondly,

0 =1, en)= 2 (=1)g(n, t) fornz 1.

Thus, for example, e(0)=1, e(1)=—1/2, e(2)=—1/3+1/(2-2).
These numbers are related to the coefficients of the Bernoulli polynomial of the
second kind. If these coefficients are denoted by by, b, .. ., b, it is known that

b0=1,
n—-1
2, (=)

m=0

See [3, pp. 264-265] for the details. Thus by=1, b;=1/2, by=—1/3+1/(2-2).
One can easily prove by induction that (—1)"e(n)=b,.
The main result we shall need about these numbers is

LemMA 30. If y>O0 then

bn =0 fornz=2.
—-m

v
1
—1)n! n— .
n=21 (= D"nle(n)S; 531

See [3, p. 267] for the proof.

4. This section deals with the system of congruences of Lemma 17.

First, a typographical note: The Stirling numbers S? and %" will appear in many
of the following statements with fairly complicated arguments m and n. For that
reason the notation S™=S(n, m) and ;" =% (n, m) will be employed.

We begin with a result that turns out to be the first step of an inductive argument.

LeEMMA 31. Let M=n—k—1, S(n, m) denote a Stirling number of the first kind,
and & (n, m) denote a Stirling number of the second kind. Let

_ M+

9.3, 1) = apz5)1 SM+)s M+y)F (M +y, M+1)

and

. SG+1-Ly+1)
rG,y, ) = w

Then the system of congruences of Lemma 17 is equivalent to the system

F(M, M)b(n—k) = y(1)a(n—k)F(1, 1),
L L bn—k+1 k+1
> o] 3 Mk -3 kD v 5,1)] =,
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Proof. The jth congruence of Lemma 17 is

F(M, M) i a(n— k+l)

o) Zb(” k+l)F(M+l M) = FET 2, e

FQl,j+1-1)

where

. 3 3
F(M+1, M+j) = ( )( )
( ]) v1+--~+vu4;=M+J:v1§1 V1 VM +1

Note for later purposes that since each summand is a product of M+ binomial
coefficients (§) with » = 1 the function F(M + I, M +j), considered as a polynomial in
¢ with rational coefficients, is divisible by ¢4+%, -

We want to express (1) as a polynomial in ¢. To begin, by Lemma 22,

F(M+1,M+j)=M;Z (- l)t(M+l)((M;;1+—jt)

Thus if we set c(/)=b(n—k+1)/b(n—k) and d(l)=a(n—k+1)/a(n—k) and let L
denote the left-hand side of (1) we have

! Mt M+1\(M+1-t)
= c(l -1 ‘( )( ,
20 2 COT )Ty
Next, group together those terms where M+/—t=x, 1 <x< M +j. Then
1 M+7
L= AT+ le (xEm +1/(x)
where
, M+1
16 = 16.0) = 3 (=vpe=mety(M ).
To continue, set
M+j
ey = 2 S(M+], g)xé)
Then o=t
1 M+3 M+j3
L= —xr S(M+j, 4 x)x9.
(Mw)!gl (M-+), )" 2, /&)
Now since F(M+1, M +j) is divisible by £¥+! and L is a sum of these quantities

with /20, it follows that L is divisible by ¢¥. In particular the coefficient of &7 in
this last expression for L must be 0 for g=1, 2, ..., M—1. Thus we have

l M+j M+
= > #S(M+j, x)x2.
AT 2, FS M0 2, )
Rearranging and then using (3) of §3 we find that

S oy = 2 () MZ (—tyeses(M )

x=1

= Z cYM+D)F(q, M+]1).
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Consequently,
M+4

i
=2 &2 %Il; S(M +j, (g, M+1I).

If we reindex, by setting g=M+y, y=0,1,...,j we get

b J
) L=¢ Zo ¢ 20 g, y, D).

The right-hand side of (1), R, can be treated in a similar fashion. We have
F(M, M)[F(1, 1)=¢¥-1, In addition

g F+1-1

F(1,j+1-1)=(,.+1_,) (1+1 5 2 SU+1-Lng.

Thus, with a(n—k+1)/a(n—k)=d(),

w1 @) I o
R=¢ ,_Zom t_zl SG+1-1,1)&.

If we rearrange and then reindex this double sum we get
i i-
©) R=g 3 &5 divt.y.
¥=0 =0

Lemma 31 now follows from (2) and (3).
To proceed to the induction, let e(n) be defined as in §3 and let

DM, 1) = (— 1)*2 e(l—v)(— 1)’ (M+ 1 SM+v, M).

Suppose, in terms of the process described in the introduction of this paper, that
b(n—k),..., b(n—1) has the invariants j,, . . ., j,. That is

bn—k+1) _
=R D(M, 1) +b,()),
etc., and the process stops at the sth step. Let
w=uwd =0 ifd=0,

=j1+"'+jd ifdz lo

Let, for j=1,2,..., k—1—w, w=w(d),

j
Lehd) = 3 & > MWD g ary, wti)

and

i -y 2
REsd) = 5 ¢ 5 D )y, al)
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where the ¢ and r functions are defined as in Lemma 31. Let

J( ), d) = L& j,d)—-REj,d), j=1,...k—1-0, 0 = o).
We then have

LEMMA 32. Suppose the sequence b(n—k),...,b(n—1) has the invariants
J1s - - -5 Js- Suppose the system of congruences, for j=1,2,...,k—1 of Lemma 31, is
equivalent to the system

b(j)é" = aj), t=12,...,d,
J(,j,d) =0, i=bL..,k—l-0, o= wd).
Then it is equivalent to the system

bt(jt)flt = at(jt), t= ls 23 LR d’
b Y i-y
X [Z basi(Dglo+), o+y, w+1]— D ag(Drlw+j, y, w+l]] =0
y=0 =1 =1

Jor j=1,...,k—1—w, w=w(d). Finally, if d+1<s then this last system of con-
gruences is equivalent to the system
b(j)é" = a(jy), t=12,...,d+1,
J(,j,d+1) =0, j=1L.. . k—1-w, o= owd+l).

The proof of Lemma 32 has several parts. Note first of all that when d=0 the
set of pure congruences b(j)¢’=a(j) is an empty one. In addition w=w(0)=0 so if
we take by(jo+1)=b(n—k+1), as(jo+!)=a(n—k+1), 1=0,1,...,k—1, we then
have J(£,j,0)=0, j=1,...,k—1. That is, we have a starting point that makes
sense.

So let us suppose that the original system is equivalent to the first system given in

Lemma 32 for some d.
Let, for y=0,1,...,J,

o(y) = 1_20 D(M+w, Dglw+], o+y, o+1]
and
,_
T(y) = i DM+, Drlwt, y, o-+1].

Then since

ba(ja"‘l) _ a
bd(jd) - D(M+w’ 1)+bd+1(l),

for I=0,1,...,k—1—-w, o=w(d), we have

jat+l) _ ®
ad(jd) _D(M+ 9l)+ad+1(l)

] J )
LEjd) = 2 00+ 2 & 3 bari(glo-ti, o+, w+1]
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and

tl tl -y
Rj.d) = 2, TOW+ 2 & 3 auuiDrlwt), y, w 1)

Note that the difference of the double sums appearing in the equations for
L(¢,j, d) and R(¢, j, d) is the jth congruence given in the second system of Lemma
32. Thus we will have the first part of Lemma 32 once we show that Q(y)=T(y).

LemMmA 33. For y=0,1,...,],

_ Mtw+y! 1
0) = T at ) GFI!

Proof. Starting from the definition of Q(y) and working through the definitions
involved we get

S(M+w+j, M+w+y).

I - [(;}f_;w‘:)]')' S(M+w+j, M+w+y)] o)

Y
= Z M+o+D)\PM+o+y, M+o+])

v S(M+w+v, M+ w)
Z el = (M+w+v)!

If we group together those terms where /—v=c, replace v in the resulting inner sum
by v=I/—c, and then reindex by setting M —w+/=v we get

L= —io (—1)e(c) _Mi ’ W)L (M+w+y,v)SE—c, M+ w).

We wish to apply Lemma 23 with N=M+w+y and j= M+ w. To do so we must
have c+2=<j< N—c. That is

c+2 S M+w = Mtw+y—c.

The right-hand inequality holds since ¢ <y. As for the left, since M=n—k—1 and
n=2k+3 we have M+w=k+2+w. But

C+2 S y+2 S j+2 s k-l-w+2 £ k+1-w.

So, Lemma 23 is applicable. Applying it we find that

I (M+w+y) Z (= Iycle(@) s = (M+;»+y) y-ll-l

the last equation following by inspection of y=0 and by Lemma 30 if y >0. Lemma
33 now follows easily.

LeEMMA 34. We have Q(j)=1/(j+1)! and

1y+v M+w+
00 = SRS (M )eu-r0
fory=0,1,...,j—1.
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Proof. The first assertion is an immediate consequence of Lemma 33, so let us
assume that y<j—1. According to (1) of §3,

1
uM+ow+y)

M+w+y)!
(M+w+j)!

the summation being extended over all the integral solutions of

@) u)+---+uM+w+y) = M+ w+j, u(i) = 1.

(=1y+v SM+o+j, M+wty) = zu(]).

Classify the solutions of (4) according to the number of u(i) that are equal to 1. If
M+w+y—t of the u(i) are equal to (1) then we have

M4w+y—t+ri+ - +ri= M+w+j, 22
That is
) rit-oo4r=j-y+t, rgz 2.
Furthermore, since r;=2 we have 2t<r,+---+r=j—y+t, or t<j—y; since

y<j—t, t=1. Consequently, since

g(j_y, t) = z

rl .« rt
where the summation is taken over the integral solutions of (5), we have

(M+w+y)!

0" et

j—
S(M+w+j, M+w+y) = j( M+w+y
t

2, M+w+y_t)g(1—y, 1)

Lemma 34 now follows from this equation and Lemma 33.

Lemma 35.

Proof. We have

j—
TG) =S DM+, Dr(w+i, y, wt1).
=0

Define s(n, t) by
t! 1

s(n, t) = —lﬂ—t“‘Sn,t = o

(1) = (="~ 5 S(n, 7) rperBtrny Fa
Then

. S(j+1-Ly+1 —1y+v+t

Moty wtl) = SEbIED  LDEE i 1-Ly+)

and

DM+w,l) = (—1) i e(l—v)s(M+w+v, M+ w).

v=0
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Thus

T(y) = ((%:_%Ty :Z: e(c)lg; sG+1-Ly+D)s(M+ow+1—c, M+ w).

Now

i-
S s+1-Ly+D)s(M+w+l—c, M+w) = sS(M+w+j+1—c, M+ w+y+1),

I=c

an equation that can be verified by writing out the sums involved.
Thus

(_ 1)i+y1—ll
T(y) = O+D! Z e()s(M+w+j+1—c, M+w+y+1)
y+)! &

where

1
cuM+w+y+1)

sS(M+w+j+1—c, M+o+y+1) = > O
the summation being taken over the integral solutions of
uD+: - +uM+o+y+1) = M+w+j+l—c, w(i) = 1.
If we classify the solutions of this equation according to the number of u(i) that are
equal to 1 we find that, for c<j—y—1,
SM+w+j+l—c, M+w+y+1) = tﬁ: (M+‘”+y+l)g(1 y—c, t).

Lemma 35 now follows.

LeMMA 36. We have T(j)=1/(j+1)! and
_ (=1 1)f+v (M+w+y)
fory=0,1,...,j—1.

Proof. The first assertion is an immediate consequence of Lemma 35, so suppose
that y<j—1 in what follows.
If we make the substitution

M+ow+y+1\ _ (M+o+y M+w+y
t . t -1

in Lemma 35, collect similar binomial coefficients together, and then reverse the
order of summation, we find that

(G) 100 = -0+ 3, (M )y e )
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where h(0)=h(j—y+1)=0 and
J-y-t
W) = 2 dg-y=ct)  t=1,...j-y.

Since e(c)=>% -, (—1)*g(c, x), it follows that

-yt

<

h()—g(—y, 1) =

M

gG—y—c, 1) Z (~1yg(c, %)

[
[
< |
|
-~

j-y-—-t
(-1 g gle, )g(j—y—c, 1)

1
T o
e 0
< 1M
4

(=1)"gG—y, x+1).

x=1
That is
J—y—t
Kty = 3 (—1ygli—y x+1).
x=0
Consequently,

ji-y—-1 i-y
h(1) = Zo (= Dg(i—y, x+1) = — Zl(—l)"g(i—y, x) = —e(j—y)

and for t=1, h(t)+h(t+1)=g(j—y, t).

‘Bringing these results together, we have Lemma 36.

Lemmas 34 and 36 give Q(¥)=T(y). As mentioned earlier, in the remarks
following Lemma 32, this completes the proof of the first part of Lemma 32.

To pass from the second system of Lemma 32 to the third recall that if d+1<s
then there is an integer j;.; =2 such that

byi(1) == by 1(jas1—1) =0, bgs1(ja+1) # 0.

Next, the congruence of the second system corresponding to j=1 can be written as
by i(Dé=ay,1(1). Thus ay,,(1)=0. Inductively, if az,,(1)="---=a4.,(m)=0
where 1<m<j,,,—1 then the congruence of the second system corresponding to
j=m+1 is equivalent to by, ,(m)é"+*=a,,,(m+1). Consequently

a31(1) =---=a441(a+1—1) =0, a4:1(jas1) # 0,
and the second system is equivalent to

b(j)¢" = a(j), t=1,2,...,d+1,
v

0

) -y
> &3 beato i w4y, at11=3, aunslviotip o +1]
y=0 =1 =1
for j=js1+1,... . k—1—w, o=w(d)=j+ - - - +j,.
To complete the proof of Lemma 32 reindex the last set of congruences, using the
facts that ag,,(1)=- - - =bg4+1(jas1—1)=0 and Fe+1=a4,1(ja+1)/ba+1(a+1)-
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A statement of the consequences of Lemma 32 will be deferred for the moment;
there are two other congruences to be considered.

We need to derive the congruences connecting w and z with w and Z. To begin, by
Theorem 2, tP?=1¢%_,. Consequently (¢7)°=(t?_,)°=s¢_, where c=wn(1)£*~2; this
follows from Lemma 11 and the fact that n>max {2k + 3, p+1}. In addition, by
Lemma 10,

@) = (%) = (*s{V- - -2V = 55y
where a=w¢+z£(1)+4£2(1)¢ 1. Thus we have
© wn(1)é" -2 = wé+zE(1)+$£2(1)¢.
To continue, by Lemma 10, (t,)?=£2*Z+¥. So, going one way
[(teyP = (2 = 52y
where d=(w+Z+¢J)m(1)€*~2. Going in the opposite direction,

[(t)°Y = [(tt)°P = (5§ V- - -s5RT VsfDV - - -sERT V)P,

But
S L g DaD o) = EEM+D  mod G,
= (s59)* mod G,

where e=(£(1) +7(1))€ 2. Thus by [3, Theorem 14.13-d, p. 368] and then Lemma 10,
[P = (s5°)7 = 531
where b=wé+2(£(1) + (1)) +¢(£(1) +7(1))26~*. Thus we have
) F+Z+Py(DE 2 = wé+2(6(1) +7(1) +P(E) +n(1)?6 2.
Equations (6) and (7) can be simplified. First, applying (6) to (7) we get
@® C+P)E? = z+g£ Q€1 +n(1).

Next if k=p—2 then y=a(n—k) and §=b(n— k). Thus, by the first congruence of
Lemma 31,

¥ = a(n—k) = b(n—k)(&*2n(1)) = (£ * (1) = $(& (1)),
since F=¢P2=¢-1. Since p=¢=0 if k<p—3 we have

&) $ =& (1), k=0,1,...,p-2.
Combining (8) and (9) we find that

(10) z = £7%Z-2(¢)/(1)).
Finally, (6) and (10) yield

1 w = £-3wn(1)— EDZ+PEDMD)]-
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We can now state the main result of this section:

LeMMA 37. Let G be a metabelian p-group of maximal class, order p", with
invariants k, ji,..., J, where ngma)_(_ {p+ 1_, 2k_+ 3} Sei w=0 if s=1 and
w=ji+ - +js-1 if s> 1. Suppose that G={t, Gy, G, ={t;, G3),

[th tZ] — t:(f,;k)' . t,‘:(ff 1)’
and G is defined in terms of the parameters
(b(n—k), by(j1), - - -» bs(js), bs(js+1), .. ., b(k—1—w), W, 2).
Similarly, suppose that G=<s, G,), G, =<5, G3),
[s1, 2] = 529 - 53T D,
and G is defined in terms of the parameters
(a(n—k), ay(jp), - - ., a(js), as(js+ 1), . . ., alk— 1 —w), w, 2).
Let 0 be an isomorphism from G to G such that

10 = sis§D. .. gZm D) 10 = gJV. . gz, &), p) = 1.

Then
a(n—k) = b(n—k)&"~*2[5(1),

bt(jt)fj‘ = at(.it)’ t= 13 2, RPN 2
b) v i-y
> 6] 3 bl w4y, atll- 3 alyioti, el =0,

=1 =1
Jor j=j+1,... . k—1—w;

w = £ 3[wn(1) — E1)Z+H(EQ)/MM)],
z = £72Z2-20(£)/(1)],
where the q and r functions are defined as in Lemma 31, $=0 if k<p—3 and
J=b(n—k) if k=p—2.
Proof. The first congruence of the conclusion is the first congruence of Lemma
31; the next two blocks of congruences follow from Lemma 32 with d+1=s; the
final two congruences are restatements of (10) and (11).

It is also possible and not too difficult to prove that if the congruences of Lemma
37 are valid then G is isomorphic to G.

5. This section contains the proofs of Theorems 3 to 8.
The proof of Theorem 3 is quite simple, for if k=0 the only congruences of
Lemma 37 that are not vacuous are:
w = & 3[wn(l)— £Q1)z], z = 2z

Thus if z=w=0, i.e. (A, 7)=(0, 0) then w=2z=0. If Z=0 and w0, i.e. (A, 7)=(0, 1)
then z=0 and, for any given £, 5(1) can be chosen so that w=1.
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If 2#0, i.e. (A, 7)=(1, 0) then since £(1)=0, 1, ..., p—1 the two congruences are
equivalent to
=B, B=0,1,...,p—1,
z = -2,

Thus, we must split the couples

{w,2):w=0,1,...,p—1,z=1,...,p—1}

into equivalence classes by means of the congruences w=pB, z=¢""27, Let
d=(n—2, p—1). Then, for fixed w and z, each equivalence class contains p(p —1)/d
distinct elements, so there are d distinct classes. Next let g be a primitive root
modulo p and / and g be integers such that 0=/, g<d—1. Then the couples

w=0, z=g', and w=0, z=g*

are not equivalent for /#gq. If they were there would be a £=g™ such that
z=gl=z¢r"2=g%¢m"-2 That is /[—qg=m(n—2) mod p—1. Since d=(n—2,p—1),
this is impossible.

This completes the proof of Theorem 3.

The proof of Theorem 4 is also quite simple. We are supposing that j;=1 so the
congruence of Lemma 37 corresponding to f=s assumes the linear form
a,(1)=by(1)¢. The first congruence of Lemma 37 is

a(n—k) = b(n—k)e»~*~2/n(1).

Consequently, in any class of isomorphic images of a given group G, there is
precisely one value of (¢, 9(1)) for which a/(1)=1 and a(n—k)=1.
We are also supposing that 1 £k < p—3, so =0 and the last two congruences are

w= £[wn()—-6)z), z=§¢7%

Thus if Z#0 the corresponding z is not zero. In addition, for any given (£, n(1))
there will be precisely one value of (1) for which w=0. In sum, if G has the in-
variants (k, jy, . . ., js, A, 7) Where j;=1, A=1 and 7=0 then the class of parameters
defining isomorphic images of G will contain exactly one set of parameters

(a(n—k)’ al(jl), ceey a,(l), 03(2), ceey as(k—' 1 _w), w, Z)

with a(n—k)=1, a(1)=1, and w=0. Consequently, the set of distinct groups with
invariants (k, jy,...,Js A, 7) Where j;=1, A=1, =0 is given by the set of

parameters
aln—k) =1,
a()=o, o=1,...,p—1, t=1,2,...,5s—1,
a(1) =1,

a(l) =8, B=0,1,...,p—1, 1=2,...k—1—-w,

zZ=1, Y= 1,~"’p_1’
w=0.
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Clearly there are
(p—1)-1pk-1-0=4(p—1) = (p—1)"1+r+5p,
where J=j, + - - - +J,, such groups.

Similar reasoning can be applied to the cases (A, 7)=(0, 0) or (0, 1). Doing so we
get Theorem 4.

The proof of Theorem 5 is not quite so simple. We are assuming that j,#1, so
Js=0 or j;=k—1—j;—---—j,_,=2. If j,=0 then, by definition, b,(1)=---=
byk—1—w)=0 50 a(1)="--- =a,(k—1—w)=0 and the congruences of Lemma 37
corresponding to ¢t=s and j=1,---,k—1—w are vacuous. If j;=k—1—j;—---
—js—12=2 then the congruence of Lemma 37 corresponding to z=s is of the form

b(j)é = a,(jy), b(js) # 0,

and the set of congruences corresponding to j=j,+1,...,k—1—w is empty. In
any event, the congruences of Lemma 37 reduce to the system

a(n—k) = b(n—k)&*~*=3/x(1),
bt(jt)fl‘ = at(jt)a t= ],2,...,3—1,
bx(]s)fj * = a«(js)a
w = £ 3[wp(1)—£(1)z),
z= 3%,
where b,(j;)=0 if j,=0 and b,(j;)#0 if j,= 2.

We shall consider the case j,#0, Z#0 in detail. To begin set j,,;=n—2,
b, 1(Js+1)=2, and a,,,(j;+1)=2. Then our system can be expressed as

a(n—k) = b(n—k)&*~*~3/5(1),
bt(jl)g‘ = at(jt)’ t= 1’ 2’-0-,s+l,
w = £ 3[wy(1) - £(1)z]

Next, we wish to count the number of distinct elements in a given equivalence
class. Thus if B(n—k),. . ., b, +1(j: +1) and w are considered to be fixed our problem
is one of counting duplications of a(n—k), . . ., a,+1(js+1), and w. Suppose there is
a duplication. Then, ignoring the first and last congruences of the above system,
there is a £* such that

at(jt) = bt(jl)fj‘ = bt(jt)(ft)is t= 1’ R 1.

That is &e=(&*Ys, t=1,...,s+1. Set d=(jy, . . ., Js+1, P—1). Then since there are
integers Xx,,...,X;4o such that x;ji+---+Xx41js41+Xs+2(p—1)=d, we have
£1=(£%).

To continue, let g be a primitive root modulo p, K be the group of reduced
residues modulo p, g=(p—1)/d, H={g"?:1=0,1,...,d—1}={¢ : £=1} and
K=Hg U---U Hg? be the coset decomposition of K by H. Since £ =(¢*)¢ if and
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only if §~1£* € H, we can say that a,(j,) =b,(j) =b,(G)(*) (t=1,2,...,s+1)if
and only if ¢ and £* are in the same coset of K by H.

This necessary condition for duplication in an equivalence class can be used to
determine the distinct elements of the class. For let

& =gvtla 0v<gq=(p-1)/d, 0=sl<d
Then the elements of a class are given by

a(n _k) = b(n _k)g(v +l~q)(n—2)/n(l)’
a(ji) = b(j)g"++ %, t=1,2,...,5+1,
w= [Wn(l)——f(l)z v +1a)(n=3),
Since 1 =q(1) = p—1 the a(n— k) component can be any nonzero value for any fixed

£ and since 0 =< £(1) < p— 1 the w component can be any value for any fixed (£, 7(1)).
In short the distinct elements of the equivalence class are given by

{(A’ bl(jl)g”l’ RS bs+ 1(js+1)g”"“a 8)}

where A=1,...,p—1,v=1,...,(p—1)/d, and 6=0, 1,..., p—1. In addition the
class contains (p— 1)%p/d distinct elements.

We now turn to the problem of determining a set of representatives for the classes.
By the above, we can assume that a(n—k)=A=1 and w=38=0. Thus we need to
find a system of representatives for the set of (s + 1)-tuples {(a,(j1), - - .5 @s +1(Js + 1))}
When they are split into equivalence classes by means of the congruences

a(j) = b(g™, v=1,....,(p=DMd, t=1,...,s+1
Now the number of (s+ 1)-tuples (a;(j1), - - ., @s+1(J: +1)) under consideration is
equal to (p—1)**! and the number of elements in each class is (p—1)/d. Con-

sequently there are d(p— 1)* equivalence classes.
The distinct classes are given by

LemMA 38. Let {(k, - . ., ks +1)} be the set of integral (s+ 1)-tuples defined by
0=k, <(-Lj)

0=k < ((p__l(,l;.;'l.){"j‘_l),p—]), i=2,...,5+
Let d=(jy, ..., js+1, p—1) and g be a primitive root modulo p. Let E(ky, . . ., ks+1)
be the equivalence class defined by
Eky,....ks1) = {1l ghatha) v =1,...,(p—1)/d}.

Then the classes E(k,,...,k,.,) are distinct. Moreover, the number of these
equivalence classes is equal to d(p—1)’.

Proof. Suppose the classes E(k,, .. ., k,41) and E(ky, . . ., ks4,) have an element
in common. Then there are integers », p, and = such that

ghtk = g"fl“‘;.g”’l, i=1,...,5+1.
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That is
v—p—n)j, = ki—k; mod (p—1), i=1,...,5+1.

Consider the first congruence,
) (v—p—m)jr = (ki—k,) mod (p—1).

It implies that k; —k, =0 mod (p—1, j;).
Thus since 0=k, k1 <(p—1, j;) we have k; —k,=0. Thus, returning to (1), we
have (v—p—m)j, =0 mod (p—1) or

® (¢—p—m) =0 mod (p—1)/(p—1, 1)
Let us go on to the second congruence,
3 (v—p—m)js = ka—k; mod (p—1).

According to (2) and (3) there is an integer ¢ such that

t(p—1D/(p—1,j1)j= = ka—ka mod (p—1).
That is,

ka—k; =0 mod ((p—1)ja/(p—1, ), p—1).
So, by the restrictions on k, and k3, k3 —k;=0. Going back to (3) we have

@ (v—p—m) =0 mod (p—1)/(p—1, ja).
Now, let [a,b] be the least common multiple of a and b. Since
=) (=-D]__((=D

(-1, (0—=1,ja] — (p—1,j1.j2)

we have, by (2) and (4),

(v—p—m) =0 mod (p—1D/(p—1, j1, ja)-

Inductively, suppose that at the ith step ki —k,=---=k;—k;=0 and

©)] v—p—m) =0 mod(@P—-1)/(p—1,ji...,J)-
Then since
(6) (v—p—m)ji+1 = kis1—kiy1s mod (p—1)
there is an integer ¢ such that

—1 . ,
t#l,-)--,ji).,“.l = k,+1—-k,+1 mod (p—l).

Consequently
i+1— ki1 =0 mod (p—Djisr/(P—1, 25 - - -5 Ji)s p— 1)

So, by the restrictions on k;,; and k; 1, k;+1—k;+1=0. Returning to (6) we get

)] v—p—m =0 mod(p—D/(p—1,ji+1)
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Since
[ p—t p—1 ]= (r—1)
(p—l,ji+1) (p—19j15-0'aj£) (p—lsj19--"ji+1)
we have, by (5) and (7),

(V_P_‘”) =0 mod (P_l)/(P_l,j]_, .. -’ji+1)'

This completes the proof of the inductive step and shows that the equivalence
classes E(k, ..., ks;+1) are distinct.
The number of classes E(k;, ..., ks+1) is given by

. s+1 (p_lli‘
(p_ l’Jl) ;l;l ((p_ l’jh .. '9jl—1),p_ l).

A simple inductive argument shows that this product is equal to d(p—1).
The result shows that the distinct groups G having the parameters
(k, j1s - - -5 Jus A, T) Where j; =2 and (A, 7)=(1, 0) are given by

aln—k) =1,
a(j) = g*, t=1,...,5,
z = gha+a,
w=0,

where {(k;, ..., k;+,)} is defined as in Lemma 38. In addition, the number of such
groups is equal to

(jla . -sjsa n—z,P—l)(P—l)s-

It should also be clear that we have a similar result if ;=0 and all other con-
ditions remain the same. We need merely delete the congruence corresponding to
t=s and then replace s by s—1 in the above argument. If we do so we have Theorem
5 for the case j,#1, (A, 1)=(1, 0).

The argument for the case Z=0, w# 0 has a slight variation. We have the system

a(n—k) = b(n—k)&*~*=2/9(1),
at(]t) = bt(jt)gj" t=1,..,s
z=0,
w = qg(Dwen-3.

If we fix £ and let 7(1) vary from 1 to p—1 we get one element in our equivalence
class whose first component, a(n—k), is p and whose last component, w, is
b(n—k)é*-*-5/p for p=1,2,...,p—1. Thus our system of congruences is
equivalent to the system

a(n—k)= p, p=1...,p—-1,
a(j) = b(j)é", t=1,...,s,
w = (b(n—k)/p)wg"~* -5,
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We now proceed as in the previous case to get that part of Theorem 5 con-
cerning the case (A, 7)=(0, 1).

The proof of the final case of Theorem 5, (A, 7)=(0, 0), follows the same lines.

In Theorems 6 and 7 we have k=p—2, so §=b(n—k)#0 and ¢k=¢r-2=¢-1
Thus the first and last two congruences of Lemma 37 are equivalent to

a(n—k) = '(/;1)

et vy
e o)

where =a(n—k). (The last congruence is obtained by completing the square in the
w congruence of Lemma 37 and then proceeding in the obvious way.)
Since the w congruence can also be expressed as
2/4—wp = £ (24— W)
and y=a(n—k), $=b(n—k), it follows that all the quantities z2—4wa(n—k) will
be zero or all will be not zero modulo p in any class of isomorphic images of a group
G. Consequently, we have an invariant A for these cases.

From this point on the proofs of Theorems 6 and 7 are similar to the proofs of
Theorems 4 and 5, so they will be left to the reader.

As for the proof of Theorem 8: since an automorphism of G is an isomorphism
from G to G we proceed by replacing b(n—k),..., w and Z in Lemma 37 by
a(n—k),...,wand z.

Consider first the case where G has the invariants (0, A, 7). Under these circum-
stances there are but two congruences

w = & 3[wy(1)—£(1)z], z = 2%,
If (A, 7)=(0, 0) then w=2z=0 and these two congruences are vacuous. Furthermore
since the automorphism 6 is defined by

§0 = sisW. . . gEm D)

&), p) =1,

-1
= SO soT,

subject to the congruences of Lemma 37, it follows that the automorphism group
is of order p2™~2+1(p—1)2. Next, if (A, 7)=(0, 1) then z=0 and w##0 and we have
w= ¢ ~3(1)w. That is, ¢ is arbitrary and 7(1) is determined by £. Consequently

|Aut G| = p**~2*}(p—1).
Finally if (A, 7)=(1, 0) then z#0 and we have

w = £ 3wn(1)—£(1)z],
z=§"2
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In this case ¢ can be any one of (n—2, p—1) values, 7(1) is arbitrary, and &(1) is
determined by ¢ and »(1). Thus

|Aut G| = (n—2, p—1)(p—1)p>*~2,

Suppose next that G has the invariants (k,jy,...,Js; A, 7) where j,=1. The
congruence of Lemma 37 corresponding to z=s yields £=1 and then the first
congruence gives n(1)=1. The fact that the congruences of Lemma 37 corre-
sponding to j=2,..., k—1—w hold for £=1 follows from: The set of congruences
we get by deleting the w and z congruences in Lemma 37 is equivalent to the system
of Lemma 17; the system of Lemma 17 has the solution ¢=1 when
a(ln—k+1)=b(n—k+1) for I=0, ..., k—1. Finally, since £=7(1)=1 the last two
congruences are w=w—§(1)z and z=z. This implies that |Aut G|=pZr-2+1-A
when j;=1.

If 1£k<p-—3andj,#1 we have the system

1= g-e2p(l),
1= ¢, =12,...,5s—1,
e = efls,

w = £ p(1)w—£&(1)z],

z= 2z

If z#0 let d=(jy, - . ., Jjss n—2, p—1). Then, in any automorphism ¢ can be any
number such that £¢¢=1, 5(1) is determined by ¢ and £(1) is determined by (&, »(1)).
Thus [Aut G| =dp?*-2. If z=0 the argument is similar.

Finally if k=p—2 the relevant congruences are

1= &7nQ),
z = £ 2(z—24(¢()/(1))),
(Z%[A—w) = £m4(22[4—wy),

and we reach our conclusion in the usual fashion.
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